Abstract. Let F be a family of curves in the plane with the following properties:
Introduction
Context. A curve in the plane is a homeomorphic image of the real interval [0, 1] . A family of curves F is simple if any two curves from F intersect in at most one point. The chromatic number χ(F) and the clique number ω(F) of a family of curves F are the chromatic number and the clique number of the intersection graph of F, respectively. A family of curves F is triangle-free if ω(F) 2.
Combinatorial and algorithmic aspects of intersection graphs of curves in the plane, also known as string graphs, have been attracting researchers for decades. A significant part of this research has been devoted to understanding classes of string graphs that are χ-bounded, which means that every graph G in the class satisfies χ(G) f (ω(G)) for some function f : N → N, where χ(G) and ω(G) denote the chromatic number and the clique number of G, respectively. Only recently it has been proved that the class of all string graphs is not χ-bounded. Theorem 1.1 (Pawlik et al. [20] ). There are triangle-free families of straight-line segments with arbitrarily large chromatic number.
The construction from the proof of Theorem 1.1 requires a lot of freedom in placing the segments around in the plane. Hence, it is natural to ask what additional restrictions on the placement of curves lead to χ-bounded classes of intersection graphs. One possible restriction, proposed by McGuinness [16, 17] , is that each curve must cross a fixed line in exactly one point. [17] ). Triangle-free simple families of curves each crossing a fixed line in exactly one point have bounded chromatic number.
Theorem 1.2 (McGuinness
The most general result in this direction, due to the authors, is as follows. Do the statements from Theorems 1.2 and 1.3 remain valid if we allow the curves to cross the fixed line in more than one point? In view of Theorem 1.1, we cannot hope for any similar result for families of curves crossing a fixed line at least once but with no upper bound on the number of intersections, because they are as general as unrestricted families of curves. However, imposing an upper bound on the number of intersections may be enough to obtain an analogue of Theorem 1.3.
Conjecture 1.4 ([21]
). For every t, the class of intersection graphs of families of curves crossing a fixed line in at least one and at most t points is χ-bounded.
Results. We present two results which offer the first progress towards resolving Conjecture 1.4. Theorem 1.5. For every t, triangle-free simple families of curves crossing a fixed line in at least one and at most t points have bounded chromatic number. Theorem 1.6. For every t 2, the following are equivalent:
(1) The class of intersection graphs of families of curves each crossing a fixed line in at least one and at most t points is χ-bounded. (2) The class of intersection graphs of families of curves each crossing a fixed line in exactly two points is χ-bounded.
Theorem 1.5 confirms Conjecture 1.4 for triangle-free simple families of curves, while Theorem 1.6 asserts that all the difficulty in Conjecture 1.4 lies in the case t = 2. Furthermore, the only bottleneck in the proof of Theorem 1.5 which prevents us from generalizing it to families of curves that are not necessarily simple is the use of a technical result of McGuinness [18] (see Lemma 4.2 in the present paper), which is proved for triangle-free simple families of curves and which remains unknown for more general families of curves. This also seems to be the main obstacle in generalizing Theorem 1.5 to higher clique number.
Related work. The chromatic number of intersection graphs of geometric objects has been investigated since the seminal paper of Asplund and Grünbaum [2] from 1960. They proved that families of axis-parallel rectangles in the plane have chromatic number at most O(ω 2 ) and conjectured that for every d 1, there is a function f d : N → N such that families of axis-parallel boxes in R d have chromatic number at most f d (ω). However, a few years later a surprising construction, due to Burling [4] , showed that there are triangle-free families of axis-parallel boxes in R 3 with arbitrarily large chromatic number. Since then, the upper bound of O(ω 2 ) and the trivial lower bound of Ω(ω) on the maximum possible chromatic number of rectangle intersection graphs have only been improved in terms of multiplicative constants [8, 10] .
Another classical example of a χ-bounded class of geometric intersection graphs is provided by circle graphs-intersection graphs of families of chords of a fixed circle. Gyárfás [6, 7] proved that circle graphs have chromatic number O(ω 2 4 ω ). This bound was subsequently improved to O(ω 2 2 ω ) by Kostochka [9] and then to O(2 ω ) by Kostochka and Kratochvíl [11] . The best known construction of circle graphs with large chromatic number forces Ω(ω log ω) colors [9] .
McGuinness [16, 17] proposed to investigate the problem allowing much more general geometric shapes but restricting the way how they can be positioned in the plane. First, he proved that the class of intersection graphs of L-shapes crossing a fixed horizontal line is χ-bounded [16] . Then, he also showed that triangle-free simple families of curves crossing a fixed line in exactly one point have bounded chromatic number [17] (see Theorem 1.2 above). Further progress in this direction was made by Suk [22] , who proved that simple families of x-monotone curves crossing a fixed vertical line give rise to a χ-bounded class of graphs, and by Lasoń et al. [14] , who showed that the same holds without the assumption that the curves are x-monotone. Finally, Rok and Walczak [21] proved that the class of intersection graphs of curves crossing a fixed line in exactly one point is χ-bounded (see Theorem 1.3 above).
On the other hand, the class of string graphs is not χ-bounded. Pawlik et al. [19, 20] presented a construction of triangle-free intersection graphs of segments or geometric shapes of various other kinds with arbitrarily large chromatic number (see Theorem 1.1 above). It grows as fast as Θ(log log n) with the number of vertices n. For string graphs with higher clique numbers, a slightly better construction forcing Θ ω ((log log n) ω−1 ) colors was presented by Krawczyk and Walczak [13] . The best upper bound on the chromatic number of string graphs in terms of the number of vertices is (log n) O(log ω) proved by Fox and Pach [5] using a separator theorem for string graphs due to Matoušek [15] . For intersection graphs of segments or, more generally, x-monotone curves, this can be improved to O ω (log n) using the above-mentioned result of Suk [22] or Rok and Walczak [21] and a standard divide-and-conquer argument. Upper bounds of the form O ω ((log log n) f (ω) ) are known for the classes of rectangle overlap graphs and subtree overlap graphs [12, 13] . The former still allow the construction for χ = Θ(log log n) and the latter the construction for χ = Θ ω ((log log) ω−1 ).
A problem related to bounding the chromatic number of string graphs concerns so-called k-quasi-planar graphs, that is, graphs that admit a curvilinear plane drawing with no k pairwise crossing edges. A well-known conjecture asserts that n-vertex k-quasi-planar graphs have O k (n) edges [3] . This is known to be true up to k = 4 due to Ackerman [1] . The best known general upper bound is n(log n) O(log k) due to Fox and Pach [5] . Suk and Walczak [23] proved the upper bound of O k (n log n) for the case that any two curves intersect in at most one point and 2 α(n) c n log n for the case that any two curves intersect in at most t points, where α is the inverse Ackermann function and c = c(k, t). Conjecture 1.4, if true, would yield the upper bound of O k (n log n) also in the latter case.
Terminology and notation
We fix a horizontal line as the baseline. It is the line that curves from the families that we consider are required to cross. For any considered family of curves F, we assume that every crossing between a curve c ∈ F and the baseline is proper, which means that c passes from one to the other side of the line at that point, and we assume that no two curves from F cross the baseline at a common point.
The closed halfplanes above and below the baseline are denoted by H + and H − , respectively. The left-to-right order of the points on the baseline is denoted by <. A basepoint is an intersection point of a curve with the baseline. For a curve c crossing the baseline, the two subcurves of c obtained by following c from either endpoint to the first intersection point with the baseline are called the 1-curves of c. If c 1 and c 2 are two curves (1-curves), then c 1 ≺ c 2 denotes that all basepoints of c 1 lie to the left of all basepoints of c 2 . This notation extends naturally to families of curves (1-curves):
The unique basepoint of a 1-curve x, which is always an endpoint of x, is denoted by b(x). 
Curves crossing the baseline a bounded number of times
The goal of this section is to establish Theorem 1.6 and its variant, Lemma 3.6, which is essential to the proof of Theorem 1.5 presented in the next section.
Suppose there is a nondecreasing function f t−1 : N → N such that every family G of curves crossing the baseline at least once and at most t − 1 times satisfies χ(G) f t−1 (ω(G)). Let F be a family of curves crossing the baseline at least once and at most t times. Then there is a subfamily G ⊆ F with χ(G) χ(F)/f 2 t−1 (ω(F)) such that any intersection between two curves c 1 , c 2 ∈ G is either between R(c 1 ) and L(c 2 ) or between L(c 1 ) and R(c 2 ).
Proof. For a curve c ∈ F and a 1-curve s ∈ {L(c), R(c)}, let c s denote the part of c that remains after s and a very small open neighborhood of b(s) disjoint from all other curves in F have been removed. Construct two families F 1 and F 2 of curves crossing the baseline at least once and at most t − 1 times, as follows: (a) for every curve c ∈ F crossing the baseline exactly t times, put c L(c) to F 1 and c R(c) to F 2 , (b) put every curve from F crossing the baseline less than t times to both F 1 and F 2 . This yields χ(
for k ∈ {1, 2}. For c ∈ F and k ∈ {1, 2}, let φ k (c) be the color of the curve obtained from c in a
) and the restriction of (φ 1 , φ 2 ) to G is constant. Since any two curves c 1 , c 2 ∈ F with (φ 1 (c 1 ), φ 2 (c 1 )) = (φ 1 (c 2 ), φ 2 (c 2 )) can intersect only when their opposite 1-curves intersect, G is as required in the lemma.
A restricted curve is a curve c crossing the baseline such that L(c), R(c) ⊆ H + . It follows that every restricted curve crosses the baseline an even number of times. A family of curves F is restricted if every curve in F is restricted and any intersection between two curves c 1 , c 2 ∈ F is either between R(c 1 ) and L(c 2 ) or between L(c 1 ) and R(c 2 ). A cap of a restricted curve c is a part of c between two consecutive basepoints that lies in H + . Every curve in a restricted family F is disjoint from all caps of the other curves in F. Two 1-curves x, y ∈ H + are separated in a restricted family F if they lie entirely in two different arc-connected components of H + C, where C is the union of all caps of curves in F.
Lemma 3.2. Let F be a restricted family of curves, and let G ⊆ F. If L(c) and R(c) are separated in F for every curve c ∈ G, then χ(G) 4.
Proof. Let S = {L(c) : c ∈ G} ∪ {R(c) : c ∈ G}. Construct an auxiliary graph G as follows. The vertices of G are the arc-connected components of S. The edges of G are the pairs of vertices U V for which there is c ∈ G such that L(c) ⊆ U and R(c) ⊆ V or vice versa.
Suppose G has a loop at a vertex V . Then there is c ∈ G such that L(c), R(c) ⊆ V . Since L(c) and R(c) are separated in F, they lie in different arc-connected components of F C, where C is the union of all caps of curves in F. Therefore, V and C intersect, which implies that some 1-curve of a curve from F forming the vertex V intersects some cap of a curve from F. This contradicts the assumption that F is restricted. Therefore, G has no loops.
Each curve c ∈ G such that L(c) ⊆ U and R(c) ⊆ V , witnessing an edge U V of G, connects U and V in such a way that there are no intersections with other curves in between. This is because any such intersection would contradict the assumption that F is restricted. Therefore, G is planar, and thus χ(G) 4. Let φ be a proper 4-coloring of G. Color the curves in G so that the color φ(V ) of every vertex V of G is applied to every curve c ∈ G such that L(c) ⊆ V . For any c 1 , c 2 ∈ G, if R(c 1 ) and L(c 2 ) intersect, then they are part of the same vertex of G whose color is different from the color of the vertex of G containing L(c 1 
Lemma 3.5. Suppose there is a nondecreasing function f : N → N such that every restricted familyF of curves crossing the baseline exactly twice satisfies χ(F) f (ω(F)). Let f 1 : N → N be the function claimed by Theorem 1.3, that is, such that every family H of curves crossing the baseline exactly once satisfies χ(H) f 1 (ω(H)). For t 2, let f t (x) = (f (x) + 4)f 2 t−1 (x). Then, for t 1, every family F of curves crossing the baseline at least once and at most t times satisfies χ(F) f t (ω(F)).
Proof. The proof goes by induction on t. There is nothing to prove for t = 1, so suppose t 2. By Lemma 3.1, there is G ⊆ F with χ(G) χ(F)/f 2 t−1 (ω(F)) such that any intersection between two curves c 1 , c 2 ∈ G is either between R(c 1 ) and L(c 2 ) or between L(c 1 ) and R(c 2 ). If t is odd, then no such intersection can occur, and thus χ(G)
1. Now, suppose t is even. Let G + = {c ∈ G : L(c), R(c) ⊆ H + } and G − = {c ∈ G : L(c), R(c) ⊆ H − }. Then G = G + ∪ G − and χ(G) = max{χ(G + ), χ(G − )}. Since G + is a restricted family, Lemma 3.4 yields χ(G + ) f (ω(G + )) + 4 f (ω(F)) + 4. By symmetry, we also have χ(G − ) f (ω(F)) + 4. We conclude that χ(F) χ(G)f 2 t−1 (ω(F)) (f (ω(F)) + 4)f 2 t−1 (ω(F)). Theorem 1.6 is now a direct consequence of Lemma 3.5. The exact same argument as in Lemmas 3.1-3.5 but for triangle-free families of simple curves crossing a fixed line at least once and at most t times gives the following reduction. Lemma 3.6. Suppose there is an integer constant α such that every triangle-free simple restricted familyF of curves crossing the baseline exactly twice satisfies χ(F) α. Let β 1 be the constant claimed by Theorem 1.2, that is, such that every triangle-free simple family H of curves crossing the baseline exactly once satisfies χ(H) β 1 . For t 2, let β t = (α + 4)β 2 t−1 . Then, for t 1, every triangle-free simple restricted family F of curves crossing the baseline at least once and at most t times satisfies χ(F) β t .
Curves crossing the baseline exactly twice
This section is devoted to the proof of Theorem 1.5.
4.1.
Preliminaries. The exterior of a family of curves F, denoted by ext(F), is the unique unbounded arc-connected component of R 2 G. A family G ⊆ F is externally supported in F if for every curve c ∈ G there is a curve s ∈ F that intersects c and ext(G). See Figure 1 . Such a curve s is called the support of c when the family G is implicit. The following lemma is a straightforward application of the ideas expressed by Gyárfás [6, 7] , which were subsequently used in [16, 17, 22, 14, 21] .
Lemma 4.1. Every family of curves F with χ(F)
2 has a subfamily G that is externally supported in F and satisfies χ(G) χ(F)/2.
Proof. We can assume without loss of generality that the intersection graph of F is connected, otherwise we can restrict ourselves to the connected component with maximum chromatic number. Let c 0 be an arbitrary curve in F that intersects the boundary of ext(F) at a point that does not belong to any other curve in F. For i 0, let F i denote the family of curves in F that are at distance i from c 0 in the intersection graph of F. It follows that F 0 = {c 0 },
, and each curve in F i is disjoint from each curve in F j whenever |i − j| > 1. Thus
We claim that F d is externally supported in F. A closed curve is a homeomorphic image of a circle. By the Jordan curve theorem, for every closed curve γ, the set R 2 γ splits into two arc-connected components, one bounded, called the interior of γ and denoted by int(γ), and one unbounded, called the exterior of γ and denoted by ext(γ). For a family of curves F and a closed curve γ, we let F(γ) denote the family of curves from F that lie entirely in int(γ). The following is a special case of the main result proved in [18] . [18] ). There are integer constants B and K with the following property. Let F be a family of curves such that any two curves in F intersect in at most one point, the intersection graph of F is triangle-free, and χ(F) B. Then there is a closed curve γ contained in the union of at most 5 curves from F such that χ(F(γ)) χ(F)/K.
Lemma 4.2 (McGuinness

4.2.
General setting. Lemma 3.6 reduces Theorem 1.5 to triangle-free simple restricted families of curves F with exactly two intersection points with the baseline. This is the common setting for the rest of this section-in particular, for Lemmas 4.3-4.6. Namely, we let F be a family of curves with the following properties:
(1) Each curve in F crosses the baseline in exactly two points, both of which are proper crossings. We remark that the only reason for condition (4) is that it is required by Lemma 4.2. Proving an analogue of Lemma 4.2 for more general classes of curves will automatically lead to a generalization of our Theorem 1.5.
4.3.
Getting surrounded. If p 1 < · · · < p s are the intersection points of a curve with the baseline, then we call the points p i and p i+1 consecutive for 1 i s − 1. Note that this concept of being consecutive differs from that used in Section 3. Lemma 4.3. Let γ be a closed curve contained in the union of at most 5 curves from F. If G ⊆ F(γ), then there are two consecutive intersection points a, b of γ with the baseline such that χ (G(a, b) ) χ(G)/5 − 1.
Proof. Let p 1 < · · · < p 2n be the intersection points of γ with the baseline. For 1 k n, let G k = {c ∈ G : l(c) ∈ (p 2k−1 , p 2k )}. Since γ is contained in the union of at most 5 curves each crossing the baseline twice, we have n 5. Therefore, for some k ∈ {1, . . . , n}, we have
The subcurve of L(c 1 ) from l(c 1 ) to p, the subcurve of R(c 2 ) from p to l(c 2 ), and the interval between l(c 1 ) and l(c 2 ) form a closed curve contained in int(γ) whose interior contains the interval (p 2k , p 2k+1 ). This is a contradiction.
Rising of skeletons.
A skeleton is a pair (γ, S), where γ is a closed curve, S ⊆ L(F) or S ⊆ R(F), every 1-curve in S intersects γ, and the basepoint of every 1-curve in S lies in int(γ). Since all members of S in a skeleton (γ, S) are of the same type, they are pairwise disjoint. The initial part of a 1-curve s ∈ S with respect to a skeleton (γ, S) is the part of s between b(s) and the first intersection point of s with γ. The initial part of s is denoted by s when the skeleton is clear from the context. A family G ⊆ F(γ) is supported by the skeleton (γ, S) if every curve c ∈ G intersects s for some 1-curve s ∈ S, which is called the support of c in (γ, S). See Figure 2 . (1) There is a family G ⊆ F with χ(G) α supported by a skeleton (γ, S) such that γ is contained in the union of at most 5 curves from F and S ⊆ L(F) or S ⊆ R(F).
(2) There is a family G ⊆ F with χ(G) β and a family S ⊆ L(F) or S ⊆ R(F) such that each c ∈ G intersects some s ∈ S and G ≺ S or S ≺ G.
Proof. Suppose (1) does not hold. Apply Lemma 4.1 to get an externally supported subfamily G ⊆ F with χ(G) χ(F)/2 K(max{(20β + 5)K, B} + 2α). Next, apply Lemma 4.2 to G to get a closed curve γ contained in the union of at most 5 curves from G such that χ(G(γ)) χ(G)/K max{(20β + 5)K, B} + 2α. Let U denote the set of supports of G, that is, the set of curves from F intersecting ext(G) and some curve from G. Let S L = {s ∈ L(U) : b(s) ∈ int(γ)} and S R = {s ∈ R(U) : b(s) ∈ int(γ)}. Every 1-curve in S L and S R intersects ext(γ), because it intersects ext(G) and γ ⊆ G. Removing all curves supported by at least one of the skeletons (γ, S L ), (γ, S R ) from G(γ) yields a family H ⊆ G(γ) such that χ(H) χ(G(γ)) − 2α max{(20β + 5)K, B}. Apply Lemma 4.2 again to H to get a closed curve ξ ⊆ H such that χ(H(ξ)) χ(H)/K 20β + 5.
Consider a support u ∈ U of a curve from H(ξ). Since u cannot intersect ξ below the baseline, the basepoints of u lie both in int(ξ) or both in ext(ξ). Suppose l(u), r(u) ∈ int(ξ). Then the whole subcurve of u between l(u) and r(u) lies in int(ξ). Since u intersects ext(γ) and ξ ⊆ int(γ), at least one of the 1-curves L(u), R(u), call it s, intersects ξ and then γ as going along s from its basepoint. In particular, s ∈ S k for some k ∈ {L, R}. Since ξ ⊆ H, the initial part s of s with respect to the skeleton (γ, S k ) intersects a curve from H, which is therefore supported by (γ, S k ). This contradiction the definition of H. It follows that every support of a curve from H(ξ) has both basepoints in ext(ξ).
By Lemma 4.3, there are two consecutive intersection points a and b of ξ with the baseline such that (a, b) ⊆ int(ξ) and χ(H(ξ)(a, b)) χ(H(ξ))/5 − 1 4β. The 1-curves of the curves from U that support H(ξ)(a, b) split into four families X LL , X LR ⊆ L(U) and X RL , X RR ⊆ R(U) so that X LL ∪X RL ≺ H(ξ)(a, b) ≺ X LR ∪X RR . Accordingly, H(ξ)(a, b) = H LL ∪H LR ∪H RL ∪H RR , where H k are the curves from H(ξ)(a, b) intersecting a 1-curve from X k for k ∈ {LL, LR, RL, RR}. Since we have χ(H k ) χ (H(ξ)(a, b) )/4 β for some k ∈ {LL, LR, RL, RR}, we conclude that (2) holds for H k and X k .
5α (4), where g is the function from Lemma 4.4. If χ(F) f (α), then there is a subfamily G ⊆ F with χ(G) 5α supported by a skeleton (γ, S) such that γ is contained in the union of at most 5 curves from F and S ⊆ L(F) or S ⊆ R(F).
Proof. Suppose the contrary. Let F 0 = F. For 1 i 3, let F i and S i be the families obtained by applying the conclusion (2) of Lemma 4.4 to
, each c ∈ F i intersects some s ∈ S i , and F i ≺ S i or S i ≺ F i . Two of S 1 , S 2 , S 3 , say S i 1 and S i 2 where 1 i 1 < i 2 3, consist of 1-curves of the same type. Suppose S i 2 ≺ F i 2 (the opposite case is symmetric). Let S = S i 2 and X be the family of 1-curves of the curves from F i 2 with type opposite to S i 2 . Since χ(X F ) g
(4) 4, we can partition X as X = Y ∪ Z so that Y ≺ Z, χ(Y F ) 2, and χ(Z F ) 2. For z ∈ Z, let A(z) be the region enclosed by going along z from b(z) up to the first intersection point with a 1-curve s ∈ S (to be denoted later by s(z)), then following along s to b(s), and then coming back to b(z) along the baseline.
Letẑ be the 1-curve in Z with leftmost basepoint. For every z ∈ Z, if the boundaries of A(z) and A(ẑ) intersect anywhere outside the baseline, then the first such intersection point as going counterclockwise from b(z) must belong to s(ẑ), and thus s(z) = s(ẑ). This shows that A(ẑ) ⊆ A(z) for every z ∈ Z.
Since F is triangle-free, the 1-curves from Y intersecting s(ẑ) are pairwise disjoint, and hence removing them from Y gives a familyŶ of 1-curves lying entirely inside A(ẑ) such that χ(Ŷ F ) χ(Y F ) − 1 1. Let y ∈Ŷ, and choose any s i 1 ∈ S i 1 intersecting y. It follows that s i 1 intersects every z ∈ Z, as y ⊆ A(ẑ) ⊆ A(z), b(s i 1 ) / ∈ A(z), and s i 1 and s(z) cannot intersect having the same type. This yields χ(Z F ) 1, which is a contradiction. 4.5. Skeletons rule the world. To complete the proof of Theorem 1.5, we make use of families supported by skeletons to construct a triangle in the intersection graph of F under the assumption that χ(F) is large enough.
If γ is a closed curve crossing the baseline, then an upper section of γ is an arc-connected component of H + γ. Lemma 4.6. We have χ(F) < f (11) (5 11 K(max{20K, B} + 11)), where f is the function from Lemma 4.5 and K, B are the constants from Lemma 4.2.
Proof. Suppose to the contrary that χ(F) f (11) (5 11 K(max{20K, B} + 11)). Let F 0 = F. For 1 i 11, proceed as follows. Apply Lemma 4.5 to F i−1 to get a subfamilyF i ⊆ F i−1 with χ(F i ) 5f (11−i) (5 11 K(max{20K, B} + 11)) supported by a skeleton (γ i ,S i ), where γ i is a closed curve contained in the union of at most 5 curves from F i−1 . Let p 1 < · · · < p 2n be the intersection points of γ i with the baseline. For 1 j n, let S 
Let F i = F j i and S i = S j i . Apply Lemma 4.2 to F 11 to get a closed curve γ contained in the union of r 5 curves c 1 , . . . , c r ∈ F 11 such that χ(F 11 (γ)) χ(F 11 )/K 5 11 (max{20K, B} + 14). Let h j = L(c j ) and h r+j = R(c j ) for 1 j r, so that the part of γ above the baseline is a subset of h 1 ∪ · · · ∪ h 2r . Let G 0 = F 11 (γ). Then, for 1 i 11, proceed as follows. For 1 j 2r, let U j i be the family of supports s ∈ S i such that the initial part s of s with respect to the skeleton (γ i , S i ) intersects h j , and let G 
for a common index j ∈ {1, . . . , 2r}. In particular, U i 1 and U i 2 are of the same type, which is opposite to the type of h j . Let h = h j .
Let s 1 ≺ · · · ≺ s m be the 1-curves in U i 1 . Let p 1 < · · · < p 2n be the intersection points of γ i 1 with the baseline. Recall that there is j ∈ {1, . . . , n} such that b(s 1 ), . . . , b(s m ) ∈ (p 2j−1 , p 2j ). Let U be the upper section of int(γ Let X be the family of 1-curves of the type opposite to s 1 , . . . , s m arising from the curves in G 11 . Thus every 1-curve in X intersects s k for some k ∈ {1, . . . , m}. The above implies that
• (p 2j−1 , b(s 1 )) ⊆ U 0 , so every 1-curve in X (p 2j−1 , b(s 1 )) intersects s 1 ;
• for every i ∈ {1, . . . , n} {j}, if X (p 2i−1 , p 2i ) = ∅, then (p 2i−1 , p 2i ) ⊆ U ; consequently, there is k i ∈ {0, . . . , m} such that (p 2i−1 , p 2i ) ⊆ U k i , so every 1-curve in X (p 2i−1 , p 2i ) intersects s k i or s k i +1 ; • (b(s m ), p 2j ) ⊆ U m , so every 1-curve in X (b(s m ), p 2j ) intersects s m .
LetH be the curves from G 11 that do not intersect any of s 1 , s m , and s k i , s k i +1 for i ∈ {1, . . . , n} {j}. Since n 5, it follows that χ(H) χ(G 11 ) − 10 max{20K, B} + 1. Now, let U = s 1 ∪ U 1 ∪ s 2 ∪ · · · ∪ U m−1 ∪ s m , so that the boundary ofŨ is formed by s 1 , s m , [b(s 1 ), b(s m )], and the clockwise part of the boundary of U from the other endpoint of s 1 to the other endpoint of s m . The 1-curves of the type opposite to s 1 , . . . , s m arising from the curves inH are contained inŨ . The other 1-curves of the curves inH are either contained inŨ or disjoint fromŨ . Those curves fromH whose other 1-curves are contained inŨ form the family H =H(b(s 1 ), b(s m )), while those whose other 1-curves are disjoint fromŨ have chromatic number at most 1. Hence χ(H) χ(H) − 1 max{20K, B}.
